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Abstract. This paper studies the geometric properties of random multiplica- 
tive cascade measures on self-similar sets. We prove that these classes of mea- 
sures are exact-dimensional, generalizing Feng and Hu's result on self-similar 
measures. One consequence is that they obey the dimension conservation prop- 
erty introduced by Furstenberg, extending his conclusions for 'homogeneous' 
self-similar measures to a much larger class of measures. We also general- 
ize Hochman and Shmerkin's theorem on projections of self-similar measures 
to random multiplicative cascade measures on self-similar sets without any 
separation conditions. We give some applications to projections, dimension 
conservation and distance sets of self-similar sets and to fractal percolation on 
self-similar sets. 



1. Introduction 

Relating the Hausdorff dimension of a set X C R'' to those of its sections and 
projections has a long history. The most basic result is that if K is Borel or analytic, 
then, for almost all orthogonal projections tt from IR'' to its /c-dimensional subspaces 
(with respect to the natural invariant measure on projections) 

dim/f t:K — niin(fc, dim/f K), 

where dimjj denotes Hausdorff dimension. This was proved in the plane by Marstrand 
[20] and extended to general d and k by Mattila [22|. Kaufman [16] introduced 
the potential theoretic method which is now commonly used in addressing such 
problems. These papers [IHl [H] also consider the dimensions of sections or fibres 
of sets and show that for almost all fc-dimensional subspaces V , with tt denot- 
ing orthogonal projection onto V , the sections tt~^x C\ K have dimensions satis- 
fying d\mH{TT~^x n K) < max(0, dim// if — k) for Lebesgue almost all x ^ V 
but with equality for a set of x e y of positive /c-dimensional measure (we take 
dim/f = — oo). This is complemented by the fact |21| that for all fc-dimensional 
subspaces V, 

(1.1) A + dim^l?; e V : dimH{K n n^^y) > A} < dimn K 

for all < A < d — fc. A good exposition of this material may be found in [23]. 

Such results have been extended beyond recognition, for example to families of 
generalized projections |27| . to obtain estimates on the size of 'exceptional' projec- 
tions for which the conclusions fail [37], and to packing dimensions 0. Neverthe- 
less, almost all of this work concerns sections and projections of general (Borel or 
analytic) sets K for which the possibilities of exceptional projections can never be 
excluded. In a few specific cases there has been a careful analysis of how the dimen- 
sions of projections or intersections can differ significantly in different directions, for 

1 



2 



KENNETH FALCONER AND XIONG JIN 



example for the l-dimensional Sierpinski triangle [17j and for the Sierpinski carpet 

m- 

Recently, attention has turned to projections and slices of specific classes of sets, 
in particular self-similar sets. Powerful techniques from ergodic theory have been 
harnessed to obtain results that apply to all, rather than almost all projections 
or sections of self-similar sets. Notably, Hochman and Shmerkin [13 have shown 
that all projections of self-similar sets satisfying strong separation have Hausdorff 
dimension min(fc, dim// A') provided that the rotational components of the trans- 
formations defining the self-similar sets generate a group that is dense in the full 
orthogonal group. Also Furstenberg JT] has shown that self-similar sets that are 
'homogeneous', including self-similar sets where the similarities have no rotational 
component, are 'dimension conserving', that is there is a value of A such that the 
opposite inequality to holds. 

Historically, most work has concerned projections and sections of sets, but many 
of the ideas apply more generally to projections and sections of measures. Indeed, 
properties of sets have frequently been obtained by proving results for measures 
which are then applied to suitable measures supported by the sets. Here we study 
the dimensions of projections and fibres of random multiplicative cascade measures 
supported on self-similar subsets of M'^ [ISIH]- We establish results for projections 
in all directions and dimension conservation properties in this context. In the final 
two sections of the paper we specialise to self-similar sets and percolation on general 
self-similar sets to improve existing results and obtain new ones. 

Let 

(1.2) = nO, ■ +U}Zi 

be an iterated function system (IFS) of contractions on R'', where fi has contraction 
ratio Vi, orthonormal rotation Oi and translation U. Such an IFS has an attractor 
K, namely the unique non-empty compact set K such that 

m 

(1-3) K=\jMK). 

1=1 

Let Hd.k be the family of orthogonal projections from R'' to its fc-dimensional sub- 
spaces. Hochman and Shmerkin [13' proved that, if I satisfies the strong separation 
condition (SSC), that is if the union in (jl.3p is disjoint, and the group generated by 
Oi, i = 1, ••■ ,rn is dense in SO{d,M.), then for any measure fi that is self-similar 
with respect to the iterated function system I, 

(1.4) dim// TT/i = min(fc, dim// fi) for all tt G H^^fc. 

By approximating mappings by orthogonal projections, (|1.4p may be generalized 
to 

(1.5) dim// gfi — min(fc, dim// fi) 

for any mapping g : K R'^ without singular points, that is with derivative 
matrix non-singular. In [25) Orponen uses this fact to solve the distance set problem 
for self-similar sets in R^, namely that if a self-similar set has Hausdorff dimension 
greater than 1 then its distance set has dimension 1. 

The key ingredient in Hochman and Shmerkin's proof is the CP-chain technique 
introduced by Furstenberg [11] that provides a measure-valued ergodic sequence 
under the product probability measure /x x P, where P is an auxiliary probability 
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measure on a suitable probability space. The ergodicity ensures that a family of 
expressions converge simultaneously, so that results such as ()1.4p may be extended 
from 'for almost every' to 'for all'. Such a strategy turns out to be very useful in 
dealing with this kind of extensions, and in [13^ it is also used to prove a conjecture 
of Furstenberg on the dimensions of sums of invariant sets. 

The CP-chain used in [13] for self-similar measures is somehow implicit. It 
involves scaling and centring the measures and the ergodic decomposition of a 
stationary measure- valued sequence, see [12]. Due to the simple nature of self- 
similar measures, one might expect a more direct and explicit argument. Here 
we use Komolgorov's zero-one law combined with the group extension theorem to 
build directly a measure-valued ergodic sequence, which gives ()1.4p for random 
multiplicative cascade measures on self-similar sets but without the need for any 
separation conditions. This also relies on a generalisation of the exact-dimensional 
result in [lOj for self-similar measures to random cascade measures on self-similar 
sets. Such a generalisation uses the method in [TTl [10] for proving the exact- 
dimensionality, namely the Maker's ergodic theory and conditional entropy. It turns 
out that one can also uses this method to deduce the dimension conservation for 
random cascade measures on self-similar sets for any orthogonal projection without 
additional assumptions on the IFS. 

2. Preliminaries 

We first review the pertinent background and set up the notation that we will 
need. 

2.1. Symbolic space. Symbolic or code space underlies the structure of self- 
similar sets. Let A = {1, • " • i?^} be the alphabet on m > 2 symbols. Denote 
by A* — U„>oA" the set of finite words, with the convention that A'^ = {0}. 

Let be the symbolic space of infinite sequences from the alphabet. For i e 
and n > let i|„ € A" be the first n digits of i. For i G A" let [«] = {i G A : i|„ = i} 
be the cylinder rooted at i. We may endow A^ with the standard metric dp with 
respect to a number p G (0, 1), that is for i,j G A^ , 

Then {A^,dp) is a compact metric space. Let B be its Borel cr-algebra. 
Define the left-shift map a by a{i) = (in+i)n>i for i = {in)n>i G A^. 

2.2. Self-similar sets. Let I be an IFS as in (|1.2|) with non-empty compact at- 
tractor K cM.'^ satisfying ()1.3|) . For i = ii • • • i„ G A" write 

ft = fi,,° ■ ■■ ° fii = nOi ■ +U, 

where — ■ ■ ■ fin Oi — Oi^ ■ ■ ■ Oi^ and ti is the appropriate translation. Let 
<I> : A^ K he the canonical projection, that is 

m= lim h\SK)- 

Let R — niax{|a;| : x G and p — maxjr^ : i G A}. Then it is easy to see that 
$ : {A!\dp) ^ K is i?-Lipschitz. 
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2.3. Random multiplicative cascades. A random multiplicative cascade is es- 
sentially a measure on constructed in a self-similar manner on the successive 
A", see [Hill]. Let {n,T,¥) be a probability space. Let 

W={W^),eA e [0,oor 
be a random vector with J2ieA ^O^i) = 1- To avoid trivial cases, assume that 

(aO) P(#{i G A : H/, > 0} > 1) > 0. 
Let {W^W : i e A*} be a sequence of independent and identically distributed random 
vectors having the same law as W. For i G A*, n > 1 and j = ji ■ ■ ■ jn G A" define 

and for i G A* and n > 1 define 

jGA" 

By definition {yri*'}n>i is a non-negative martingale. Assume also that 
(al) There exists p > 1 such that X)™! ^ i^i) < 1- 

Then Yn'^ converges almost surely to a nontrivial limit which we denote by Y^^'^ , 
with expectation E(y['l) = 1. Moreover, for p > 1 one has E{YP) < oo if and only 
if E"iIE(Wf ) < 1 (see [15l|5]). Since A* is countable, is well-defined for ah 
i S A* simultaneously. Moreover, by construction, 

rn 

(2.1) = ^ 

Then for each i £ A* we may define a random measure /i^*! on A^ by 

(2.2) f^^H[j]) = Qf ■Y^^^\ jeA*. 

The measure fj\^^ is called the random multiplicative cascade measure generated by 
the sequence 

: j g A*}. By definition the sequence {/il'l : i € A*} has the 
same law. Moreover, by (|2.ip we have statistical self-similarity in the sense that for 
i 6 A* and j £ A", 

(2.3) ^,\^=Qf■^J^^^oa-\^^^. 

Sometimes we will write (•) = (•)'"'. Our main interest will be in random cascade 
measures on the self-similar set K given by the canonical projection of 
onto K. For more on random cascade measures, see [3j and the references therein. 

2.4. The underlying probability space. We now give a precise definition of the 
probability space on which the i.i.d. sequence {W^^^ : i £ A*} is defined. First 
recall that the random vector W is defined on the probability space (f2, J^, P). We 
will work on the countable product space 

(r!*,^*,p*) = (g)(a„j-„p,), 

iSA* 

where (fii, Ji,Pi) = (fi, J", P) for each i £ A*. For i £ A* define the projection 

TT, : D,* h-^ fl,. 

Then by letting M^I'l ~ W o ni for i £ A* we obtain a family of i.i.d. random vectors 
on {n*,T*,¥*). 
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For i G A* let = be the random cascade raeasure generated by the 

sequence {W^^^^ : j G A*}, as in ((l!2)) . For i £ A* define 

r]i -.n* 3 (a;j)jgA' '-^ {(^ij)jeA' G ^* ■ 

By definition W^'^^ = W^'^ o T]j for all i,j £ A*, thus 

(2.4) ^,^^^^{■,Lo)^^^^H■,rJ,OJ). 

Consequently, from p.3p . for any B E B, 

/.H(i3n[j],c.) = QWH.M[^^"i(a-"(i?n[j-]),c.) 

= QWH.M[^l(a-"(i3n[j]),77,a.). 

2.5. The Peyriere measure. Let {n',T') = (A^ x n*,B'g)J'*). Let Q be the 
Peyriere measure on {fl',J^') with respect to /i = ^["1 [TJ], that is for all A G J^', 



Q{A)= / XAa,w)Mdl,c^)P*(dw). 

JST JAN 

It is easy to see that (17', J^',Q) is a probability space. Define the skew product 

T-.n' 9 {i,uj) h-> {ai,r]i\^{uj)) G 17'. 
Lemma 2.1. T/ie Peyriere measure Q is T -invariant. 
Proof. For all B £ F' one has 

-iB) = / / XT-^B{hoo)^l{di,u)r{du:) 



Xsicri, rii\^uj) Ai(di, w) P*(dw) 

f2* JA" 

= XI / / XB(CTi,?]jw)M(di,w)P*(da;) 

= E / ^''''(^) / XB(^i,^j^)M(dfTi,?7,^)P*(dc^) 

= E / ^^®'(^) / Xs(i,^,c.)M(di,r?,w)P*(dw) 

= Y.^{W,)Q{B) 

jeA 

- Q{B). 

This gives the conclusion. □ 

2.6. Dimension and entropy. Let / : AT ^ F be a continuous mapping between 
two metric spaces X and Y. For a Borel measure ^ on X we denote by 

the pull-back measure of /i on 1" through /. 
For a measure /i and x G supp/^ let 

^ r-s-O logr 
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whenever the hmit exists. If for some a > we have Dfi{x) — a for /u-a.e. x we say 
that /i is exact dimensional. 

For < r < 1 and a probabihty measure supported by a compact subset A of 
R"^, let 

Hr{u) = - / \ogv{B{x,r))v{dx). 

J A 

The lower entropy dimension of u is defined as 

dime V = fim inf — !lLJ. 

r^-o — log r 

and the Hausdorff dimension of is dim^f v = inf {dim// A : fi{A) > 0}. Then 

dim/f ly < dime J'j 

with equality when is exact dimensional, see [7j |8] . 

For any sub-Borcl cr-algebra A of any finite partition V of A^, and any 
probability measure v on we define the conditional information 

UV\A)^-Y,XB\ogE,{XB\A) 
Bev 

and the conditional entropy 

li,{V\A)^ f MV\A){£)iy{d£). 

Jan 

For the trivial a-algebra A/" = {0, A^} we use the convention that Ii, (V) = l,y{V \ TV) 
and U^(r) = U^(r\Af), see [ID] 

3. Exact-dimensionality and dimension conservation 

In this section we establish the exact-dimensionality of random cascade measures 
on self-similar sets without any separation condition, as well as of the projections 
of the measures onto subspaces and of sliced measures. Dimension conservation for 
the measures then follows easily. 

Let TT G Ild,k be fixed. For i G A^ define the fibre 

[i], - (7r$)-i(^$a)). 

Denote by = {[ij^r : i G A'*'}. It is a measurable partition in the sense that the 
quotient space /V-n is separated by a countable family of measurable sets, which 
can be taken as {{tt^)^^ Bi} where {Bi} is the sequence of closed cubes in 7r(]R'^) 
with rational vertices. Denote by the <7-algebra generated by V^r- Due to the 
conditional measure theorem of Rohlin '28j, given the measurable partition V^r, for 
any probability measure i' on (A^, B), for every i in a set of full j/-measure, there 
is a probability measure Vi^^t defined on 'P-„{i) — [iJtt such that for any measurable 
set B E B, the mapping i i— > i^i^TriB) is 'Pt -measurable and 

iy{B) - / j.,,,(B)zy(di). 

jam 

From the geometric point of view (see [2 3) for example) , these conditional measures 
can be defined by 'shcing', in the sense that for v-a.e. i £ A''\ for i' G [i],r and 
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r > 0, the Vi^T^-measme of the ball $ ^i3($(i'),r) is given by the limit 

!/i 7r 5> ij(q>(i ), r)) = lim — ^ ; ; — — — — 77T -. 

For i G A* define the random probability measure 

^ - x{ii,j'i|i>o}-pq|, 

with the convention that fl = flW, Write P*(^) = P*(^ n {/I 7^ 0}) for A e T* for 
the probability conditional on p, not vanishing. 

For any continuous function / : H> M"^ denote by the cr- algebra generated 
by f-^B{R''). 

For y G 7r(i4r) write = /ij ^r for any i G A^ such that 7r$(i) = y. 
Let 7^ = {[«] : i G A}. Here is the main theorem of this section. 

Theorem 3.1. Y^^, -almost surely 

(i) ^fi is exact- dimensional with dimension 

^ EjUpCP 1 13^)) + Eti nw, fog W,) 

(a) TT^fi is exact- dimensional with dimension 

^ E(Hp(P I g^t,)) + fog W,) 

^ E"iW)logr, 
(Hi) For TT^^-a.e. y G t^{K), ^fly^Tr is exact- dimensional with dimension 

^ j:Zinw^)\ogr, 

The dimension conservation result for measures now follows. 
Corollary 3.2. ¥^:-almost surely for ir^fi-a.e. y G t^{K), 

dim// 7r$/i + dim/f ^fly^jr = dini/f $/2. 

Proof. If follows from the fact that all these measures are exact-dimensional and 

a -13 = J. □ 

3.1. Proof of Theorem 13. in ). The proof is adapted from [10]. The difference is 
that here in the random setting we have used Komolgorov's zero-one law to deduce 
the ergodicity we need. 
For n > and « G A" let 

B*(i,n)-$-i(B($a),r,|J), 

with the convention that r^ = 1. For i G A^ denote by V{i) the unique element of 
V that contains i. For n > 1 let 

fn -.A^xn.D {i,uj) ^ log _ ;-' /. G R. 

From Lemma 3.3 and Proposition 3.5 in |10j we have that given any w G ri* such 
that > 0, for fl-a.e. i G we have 

lim f^{i,Lu) = I := fiiu:). 
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Furthermore, setting 

fih uj) = - mi log _ — , 

n>l fi(B,s,(t,n)) 

there is a constant Cd (that depends only on d) such that 

f{t,uj)fi{di,uj)<ii-^ir) + Cd. 

A" 

This implies that / e L^{Q), provided E(||^|| log < oo. 

Next we apply the following ergodic theorem due to Maker 1181 . 

Theorem 3.3. (Maker) Let (X, B, iJ,,T) be a measure-preserving system and let 
{fn} be integrable functions on (X,B,^). If fn{x) — > f{x) almost everywhere and 
i/sup„ \fn{x)\ = g{x) is integrable, then for almost every x, 



n — 1 

lim- V/„_fc(T'=x) =/„o(a;), 
n ^ — ' 



fc=o 



where f^{x) ^ lim ^ Y2=l f{T^x). 

Proposition 3.4. ¥^,-almost surely for jj-a.e. i G A^, 



n— 1 

lim - V/„_feor^(z,c.) = / / /(^,c^)Q(d^,d^). 



n-l 

Proof. Using Theorem 13.31 we have for Q-a.e. {i,u)), 

n-l 



where 

n-l 



lim - fn^k{T''{i,ujj) = /oo(i,a;) 

fc=0 

n— 1 

hm - v/oT'=a,c^). 



n—^oo n 

k=0 



Note that for A: > 1, 

For n > 1 define the random variable 

(3.1) A^-.n' 3{t,uj)>~^ x{ii„=,}W^]f H e [0,oo). 

A routine check shows that {An}n>i is an i.i.d. sequence. Notice that for fc > 1, 
f oT^ is measurable with respect to the cr-algebra Fk '■— cr{Afe_|.„ : n> 1}. Thus 
from Komolgorov's zero-one law we get that {/ o T'^}k>i is an ergodic sequence. 
This implies that for Q-a.e. (i, a;) G fi', 



/oo(i,w)- / / /(i,c.)Q(di,dc.), 
hence the conclusion. □ 

The next lemma (an analogue of Lemma 5.3 in [10] for self-similar sets) relates 
the shift on symbolic space to its geometric effect on balls in M''. 
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Lemma 3.5. For i G and r > we have 

r,|^ • r)) n Vii) = a-^^-^ {B{'S>{ai), r)) n 
Proof. For i =^ iii2 ■ • ■ and r > we have 

S($(z),r,|,-r) = /,, {B{<^{a£),r)) . 



Thus 
As 



$-1 (i?($a),r,|,-r)) nPd) = (i?($(a*),r)))nPa). 

J = Jij2 • • • e (i3($(az),r))) n P{£) 

ji = e (S($(cri),r)) 

^ ji = ii, $(CTj) G B{^{ai),r) 

^ ji = «i, j e cr"i$"i (S($(cri), r)) 

^ jecr"i$"i(B($(cri),r))n7'(i) 

we get (B(-I>(cri),r))) n P{i) = a-^'^-^ {B{^{ai),r)) D P{i), hence the 

conclusion. □ 

For i E and n > 1, conditioning on > 0, one has 

fi{B^{l,n)) _ li^^"^ {B^{aH_,n - k)) 



^[^1-1 (B$(cr"i,0)) J-^^ ^[iU+i] {B^{a^+'^i,n - k - 1)) 



fi^^-^ {B^{a^i,n-k)) 
^ //[ilfcl {B^{a^i, n-k)n V{a^£)) 

{B^ia'^i, n-k)n V{a''i)) 
' ^[iU+i] (S<i>(CT'=+ii,n - k - 1)) 
'iZ|.i (B<E,(A,n-fc)) 
~ /ililfcl {B^{a^i, n-k)n V{(t''i)) 

^[iU] (cr-iS$(cr'=+li, n - fc - 1) n 7'(cr''l)) 
{B^{a''+^i,n - k - 1)) 

(3 2) = n 

^^^/2[iUl(B<i,(CT''i,n-fc)n7'(CT'=i)) 

From Proposition 13.41 one has that P,-almost surely for p,-a.e. i G A^, 



n-^oo n ^ ^[ilfc] [B,i,{a^i, n — k) D V{a^i)) 



Ip(7'|B$)a)Q(di,dc^) 

I 

(3.3) = E(Hp(7'|B<,)). 
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To complete the proof of (i) we need the foUowing lemma. 
Lemma 3.6. P^,-almost surely for fi-a.e. i G A'^, 

(1) lim„^oo ^ log Wj^jf^ = YZi log W,); 

(2) lim„^oo i log r,|„ = YZi log 

(3) lim™ilog||M[^l"l|| =0; 

(4) lim™ ilog/il^l"! (B<E,((7"i,0)) = 0. 

Proof. (1) and (2) follow from the strong law of large numbers under the Peyriere 
measure Q. (3) follows from [21 Theorem IV(ii)], provided that E(||^||^+^) < oo for 
some e > 0. 

To prove (4), first take a > and for n > 1 define 

En = {i e : /2til"l (B<i,(a"i, 0)) < e^""^}. 

Notice that 0) = 1), thus there is an integer k > 1 such that 

[i\k\ C 0) holds for all i e A^. Hence 

En C K := U G A« : /2^l"l(KlU]) < e""''}. 

Then for any rj e (0, 1), 

ieA"+'' 

< E MW)-xww)>o}(e-"'^-M'^'"i(K*])"')'' 
= e-"^"" E xmw)>o}-m(W)-/^^'I"'(K*])-'' 

= e--^"" E XMW)>o}-Q,|„-Ai[^l"l(K«])'-''-||M[*l"l||-'' 

< e-""" E XMW)>o}-Q.|„-||M''l"lr-'"- 
This implies that 

Using the Borel-Cantelli lemma, and since a is arbitrary, it follows that P*-almost 
surely for /i-a.e. i G A^, 

liminf-log/i[^l"l {B^{a"i,0)) > 0. 

n—^oo 12 

On the other hand since \\fl^'^^\ < 1 for ah z G A*, then P:t.-almost surely for /x-a.e. 
AN, 

limsup-logAil^l"] (B$(cr"i,0)) < 0, 

n— f C30 ^ 

completing the proof of (4). □ 

Combining p.2p . p.3p and Lemma we have proved that P^-almost surely for 
/i- almost every i E A^, 

^.^ log ^^l{Bm^),r^^ J) ^ E{U^,{P \ B^)) + El" 1 log W,) 
n^oo logr^i^ I]™i]E(VKi)logri 

which gives the conclusion. □ 
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3.2. Proof of Theorem I3.1l (ii). The proof is almost the same as that of (i), we 
can formally replace $ by 7r$. The only difference is that Lemma [3.51 is replaced 
by the following analogue. 

Lemma 3.7. For z G A'^ and r > we have 

(7r$)-i (B(7r$(i),r,|^-r)) nVH) = CT"^(7r$)~i (S(7r$(cri), r)) n 

Proof. For i — iii2 ■ ■ ■ and r > we have 

S(7r$(z),r,|,-r) r)) . 

Thus 
But 

J_ = jij2 • • • e r))) n Vii) 

h = il, e TT-l (tt/,;, (B($((7i), r))) 

^ il - fn e (tt/,, {B{^{ai),r))) 

^ h = il, Tt/ji ($((7j)) e TT/i, (B($(CTi),r)) 

il = h, 7r$(CTj) e TT (B($(cri), r)) 
<^ il ^ il, 7r$(a-j) G B{-n^{(ji),r) 
^ .?'l=il, j e cr"l(7r$)"l (S(7r$(cri),r)) 
<^ j e cr"^(7r$)-i (B(7r$(CTi),r)) n7'(i), 
which gives the conclusion. □ 

3.3. Proof of Theorem I3.1l (iii). Lemmas 13.51 and 13.71 give that for A; > 1, P* 
almost surely for /i-a.e. i E A^, 

p,iB^{i, k) n B^^{i,n) nV{i)) 



= lim 



^j.{B^^{i, n)) 



fl(B^(i,k)nB^^{i,n)r]P(i)) p.(B^^(i,n) r]P(i)) 

— lim ; • ; 

- jjj^ M'^'''(-S*(o-i, fc - 1) nS^$(CTi,n - 1)) p.iB^^{i,n)n'P{i)) 
"->oo ^[ilil (Btt* (cri, n - 1)) p,{Bj,q>{i,n)) 

= fc - 1)) • cxp(-I^(T' I B.^m). 

This gives that 
(3.4) 

fli,n{B,S>{i, n)) _ P'aH,^^'^^'^ k)) (V I i3,*)((T'=i) 

We need two further results: 
Proposition 3.8. V^^-almost surely for fjL-a.e. i G A^, 



lim - log TT „7 ^-"^ '-- = E(H,(P I S*)). 
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Proof. For n > 1 let 

In {h^) = log — 7^-7^ — TT . 

From 10,, Lenima 3.3 & Prop. 3.5] we get that, for Q-a.e. (z, w) £ VL' , the sequence 
/„ converges to 

/ := -1-^{V I K V S*) = I 5$), 

provided ]E(||mII log < oo. Here we have used that the cr-algebra V-„ is a sub- 
cr- algebra of As 

-logTT ^ ^ = iy/„_,or'=(z,a;), 



the conclusion follows as in the proof of Proposition 13.41 □ 

The next lemma is an analogue of Lemma I3.6f 4) for slices of measures. 
Lemma 3.9. P^,-almost surely for ^-a.e. i e A'^, 

hm ilogA^i"l,(i?$Ki,0)) = 0. 
Proof. Take a > and for n > 1 define 

= U e A« : (i?$(a"z, 0)) < e-"^"}. 

Recall that there is fc > 1 such that C 0) holds for all i e JS^ . Thus 

E,, C < := e A" : ML^ii([a"*U]) < e—^}. 
We shaU use the fact that for any / e L^(A^, B, p.), 

f{i)m)= [ [ /(j)/2.,.(dj)/i(di). 

A" JAN JAN 

This gives for each ?7 > 0, 



AN Jan 
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Notice that fi^-]^^ is carried by [ij^r, thus /i^*'^' ([cr"i]) = /^l'!^' ([f"*]) is constant for 
/^li"'-a-e- J e A^. This yields 





-arjn \ 

2^ X{m(W)>o} 
ieA"+'' 






II- / 

JA™ " 


l"l(d^) 


< e 


2^ X{p(H)>o} 


' Qi\,^ 




^ J A" " 


l(dl))' 


= e' 


2^ X{p(H)>o} 

igA" + '« 


■ Q^W 




ll./il^l-llKz])!-" 




< e" 


2^ X{a<(H)>o} 


■ QiW 




II- 





,;gA" + '» 

The rest of the proof is the same as that of Lemma [3^ 4). □ 

Combining p.4p . Proposition 13.81 and Lemma [3.91 we get that P»-almost surely 
for ii-a.e. i G , 

lim - \ogfi,AB^ih n)) = E(H^(P | B^)) - E(lif,{V \ B^^)), 

n— )-oo Tl 

which yields that P*-alniost surely for ^-a.e. i G A^, 

log$A»,^(i?($a),r)) _ E{H-^{r\B^))-E{U^{V\B,^)) _ 

^ ' '™ logr ET=lnW^)logn ^' 

For y e 7r$(A'^) recall that $/2y,,r = <&Mi,7r for any i e such that 7r<i>(i) = y. By 
definition for every Borel set ^ C M'' 



Ja" J'S>({£^) 



XAiz) ^fiy^n{dz) 7r$^(dy). 

This, together with p.Sp . yields that P*-almost surely for 7r$/i-a.e. y G 7r(M'^), the 
measure is exact-dimensional with dimension 7, completing the proof of (iii). 

4. Dimension of projections 

In this section we generalize the results of |13| on projections and images under 
functions without singularites to random cascade measures. 

4.1. A measure-valued ergodic sequence. Let D — B{Q,R) be the closed ball 
center and radius R = max{|a;| : x G K}. Denote by A4 the family of probability 
measures on D and let B^, be its weak-* topology. 

Let G = {Oi : i G A) be the compact subgroup of 0(c?, R) generated by the 
orthogonal maps Oi, i G A and let Bq be its Borel cr-algebra. Define the measurable 
map 

(jj-.n' 3 ^ 07^1 G G. 

Let Tcj, be the skew product of T and (p on fl' x G, that is 

With ^ as the normalised Haar measure on G, it follows easily from Lemma 12.11 
that Q X ^ is T^-invariant. 
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J2 Ep-(a.([j])/»i(<I'=-^1)) / h,{g)ad9) 



Define the measurable mapping 

M -.n' xG 3 {i,uj,g) ^ g^fl G M. 
Let Mo = M and M„ = M o TJ^ for n > 1. By ([2^ 

Since Q x ^ is T^-invariant, M — (M„)„>o forms a stationary sequence. In otlier 
words, if P is tlie distribution of M on {M^, Bf^), that is P = Q x ^ o M"\ and 
S '■ (t'n)n>o '-^ (i^n+i)n>o IS the Icft-shift mapping on M-^\ then P is S'-invariant. 
We use the group extension theorem for ergodic actions to show that it is also 
ergodic. 

Theorem 4.1. The dynamical system {A4^\ Bf^ , P, S) is ergodic. 
Proof. For n > 1 define 

Rn : (i, uj,g)^ X{iU=3}90j,^ ' ' ' OJ^^- 

J=Ji---JiiGA" 

Also let i?o : {L^,g) '-^ .9- Recall the i.i.d. sequence {A„}„>i given by p.ip . We 
claim that {^„}„>i and {-R„}n>o are independent. To see this, for any A: > 1 and 
I > and any bounded continuous functions hi € C[0, oo) and /12 € C{G), 



= EQxc(/^l(^fc))IEQxe(/^2(i?/)). 

Let J';^ = a{An+k : fc > 0) for n > 1 and J"^ = (T(i?fe : fc > 0), so that J"j^ and 
J^-'^ are independent cr-fields. Observe that for n > 1 the mapping M„ is J-^ V J^^- 

measurable. Consequently, for any S'-invariant set B G Bf^, the set B' — AI ^ B 
must belong to JF^W JF^, where J"^ = n„>i J"^. Hence the conditional expectation 
E(xb'I-^i') is independent of itself, and thus is almost surely constant, implying 
that B' e J-^. 

The conclusion can now be deduced from the ergodicity of the dynamical system 
(f]' X G, jF'®Bgi Q ^ Tij,) conditioning on . This dynamical system is equivalent 
to 

(A^ X G,B®BG,^lpX^,a^), 

where jip is the Bernoulli measure on A'*' corresponding to the probability vector 
p — (E(VFi))igA, and cr^ is the group extension 

^4>i.hg) = {(^hgOi^l). 

From the group extension theorem, see, for example, 126] Corollary 4.5], the dy- 
namical system (A'* x G,B ® BcfJ-p x S,,(^4>)^ ^ compact group extension of 
the Bernoulli full-shift with having a dense orbit, is ergodic, giving the conclu- 
sion. □ 

We now use the separability of C{M.) to get convergence of ergodic averages for 
ah h e C{M). 
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Corollary 4.2. F^-almost surely for S^-almost every g and ii-almost every i, 



lim 1 J2 K90;^yfl^\-^) = Eqx^(/i(5$a2)) 



n=0 



for all h e C{M). 

Proof. Let {hk}k>i be a countable dense sequence in C{Ai). It follows from The- 
orem [43] that P,t-almost surely for ^-almost every g and /i-almost every i, 



1 

lim - V hkigOrMfL^^-^) = EQx?(/ifc(5$A)) for aU fc > 1. 

TV— j-oo iv — -'^ 

For any h e C(A^), take a subsequence {h'f.}k>i of {/ifc}fc>i that converges to h. On 
the one hand, since M is compact, h is bounded, so by the dominated convergence 
theorem 

lim EQxc(/i'fc(5$Ai)) =EQxc(/i(<7*Ai)). 
On the other hand, for each N, 



<\\K-h\\ 



Thus the limit 

AT-l 

exists and equals limfe^oo ^Qxiih'^.{g^f^)) = EQ-^^{h{g^fi)). □ 



4.2. Lower bound for the dimension of projections. We use the p-tree method 
in |13j to obtain close lower bounds for the dimensions of projections of measures. 
Let p = maxjr^ : i G A} and c = min{ri : i £ A}. For i — ii ■ ■ ■ in G A* write 



For each g > 1 we redefine the alphabet used for symbolic space to obtain one for 
which the contraction ratios do not vary too much: 

A, = {i e A* : > p'^ and < p^}. 

By definition 

cp' <ri < p'' 

for all i G Aq. The canonical mapping $g : {A^,dpg) K is i?-Lipschitz where 
recall that R = max{|a;| : x £ K}. Setting 

gives a random cascade measure pq on A^. Observe that it is the same random 
cascade measure as p on embedding A^ into A^. 

Let Gq = {Oi : i G Ag) and denote by £,q its normalised Haar measure. As before, 
Ild,k is the set of orthogonal projections from R'' onto its fc-dimensional subspaces. 
For vr e q e N and v a measure on R'', define 

eq{TT,I^) = — ]——Hpg{Tn^), 

glog(l/p) 
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and 

i;,(7r) =Ep-xc,(eg(7r,(7$/i)). 
Here is the basic lower bound for almost all projections of p. in terms of Eqijr). 

Theorem 4.3. ¥t,-almost surely for ^q-almost every g, 

dimH(^.g$Ai) > ■ '^/"fy^l Eq{^) - 0{l/q) for all tt S n^.fc. 

Proof. By Corollary 14. 2 [ we have that P,-almost surely for /ig-almost every i and 
^g-almost every g, 

1 ^ 

(4-1) ^ E ^ Eqiir) for aU tt G H, 



Using the strong law of large numbers it follows that P,-almost surely for /i^-almost 
every i G A^, 

lim = - V E(x{vv,.>o}W,.aogVKq,,) S (0,c5o), 

ieA, 

so in particular, P,-almost surely for /iq-almost every i G A^, 

Qil^ > for all n>\. 

Identically, 

-Czl 1 /^Q" n- 

X{Q,|„>o}M;j-' - X{Q,|„>o}X{||4iini,|>o^ • = ^ 

where 



so 

= -^P''-'-il„(^5*g/^gJi|„]) 

< iJ(cp<!)"+i(7rg$gMg,[j|„]). 
Hence, using (|4.ip . P*-almost surely for /Zq-almost every i and ^g-almost every 

N 



Tim ^JV^Sf ^ ^ -H^(cp9)"+i(7r5*gM9,[i|„]) > -E'gl'r) for all tt G H^^ 



The mapping / = 7rg<I>^ : ((A9)f*,dp,) M'= is i?-Lipschitz. By [131 Theorem 5.4] 

there exist a p^-tree X and maps (A'')^ H> X A R'^ such that / = /'/i, where /i is 
a tree morphism and /' is C-faithful (see [131 Definition 5.1]) for some constant C 
depending only on R and fc. Then, applying [131 Proposition 5.3] for the cp'^-tree 
X (since the result is independent of the constant p), one can find a constant C" 
depending only on C and fc such that for all n > 1, 

|i?(cp<!)'.+l(/M9,[i|„]) - i?(cp9)"+l(^Aiq,[i|„])| < C". 
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Consequently, P*-alniost surely for ^q-almost every i and ^q-almost every g, 

1 1 ^ 

qlog(l/p) ^T}^^ ^ ^^(cp^)"+i('iM9,[i|„]) > Egin) - 0{l/q) for all n £ Hd.fe. 

By [13l Theorem 4.4] it follows that P^-almost surely for ^^-almost every g, 

diuiH hflg > '^/"f^y^i Eg{n) - 0{l/q) for aU n e Ud,k- 

Since /' is C-faithful and f'hflq — fflq — ng^gfiq — ng^fc, the conclusion follows 
from 'iT, Proposition 5.2]. □ 

4.3. Projection theorems. The projection results in [T3] required the strong sep- 
aration condition on the underlying IFS X. With the approach of Sections 4.1 and 
4.1 we avoid the need for any separation condition at all. Moreover, our results 
apply to random cascade measures as well as deterministic measures on self-similar 
sets. 

To show that the dimension of projections is constant for all projections we need 
to assume that the group {Oi : i G A) is dense in SO{d,M.); when this is the case 
we say that the IFS I has dense rotations. Under this assumption, for each q > 1, 
Gq — SO{d,'M.) so the normalised Haar measures ^q on SO{d,M.) are the same and 
we write ^ for this measure. 

Theorem 4.4. Let X have dense rotations. Then the limit 

E{tt) := lim Eq{TT) 

exists for every tt £ Tld.k, cind E : Hd.k ^ [0, k] is lower semi- continuous. Moreover: 

(i) E{tt) = min(fc, a) for almost every tt G Ild,k- 

(ii) For a fixed tt G Iid,k, P*-almost surely for ^-almost every g, 

dime ng^fi — dim// Trg^fl = E^n). 

(Recall that dime is the entropy dimension.) 
(Hi) ¥^-almost surely for (^-almost every g, 

dim/f TTg^fl > E{ti) for all vr £ Il^jt. 

Proof. Using Theorem I3.1f l) and Theorem 14.31 the proof is similar to that of [131 
Theorem 8.2]. □ 

We can now conclude that the dimension of the projected measure is constant 
over all projections. 

Corollary 4.5. IfX has dense rotations then ¥^-almost surely 
dini/f 7r$/i = min(fc, a) for all tt G Hd.k- 

Proof. Since E is lower semi-continuous, it follows from Theorem I4.4( i) that for 
any e > the set 

We = {tt e Ild,k ■ E{Tr) > min(fc,Q!) — e} 

is open and dense in Ild,k- Write ■ g — {ng : tt e U^} for g e SO{d,M). Then 
from Theorem 14.41 fiii) one has P*-almost surely for ^-almost every g, 

Ue — {tt E Iid,k '■ dimn 7r$/2 > min(/c, a) ~ e} D • g. 
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Since Ut has non-empty interior, we deduce that P*-alinost surely = Hd,k, as 
required. □ 

As in |13| projection may be generahzed to C^-maps without singular points, 
that is C^-maps for which the derivative matrix is everywhere non-singular. 

Proposition 4.6. IfX has dense rotations then for all C^-maps h : B{0, R) i-> K*^ 
such that sup^jg^' \\Dxh — it\\ < cp'^ , we have that F^,-almost surely for £^-almost 
every g, 

dim^ hg<^Ji>Eq{Ti)~0{l/q). 

Proof. The proof is similar to that of TS", Proposition 8.4]. □ 

Corollary 4.7. If I has dense rotations then V^-almost surely, for all -maps 
h : K i-^M.^ without singular points, 

dim/f /i(f>/i ~ min(fc, a). 
Proof. This follows from Proposition |3?ni and Corollary □ 

5. Applications to self-similar sets 

Random cascade measures include non-random measures as a special case, and 
these we apply to the fractal geometry of deterministic self-similar sets. As before, 
we consider an IFS of similarities 

(5.1) = r,0, 

where < n < 1 are the scaling ratios, Oi are orthonormal transformations, and ti 
are translations. We write K for the self-similar set that is the attractor of the IFS, 
that is the unique non-empty compact set satisfying K = yj"^^fi{K). Recall that 
the IFS I satisfies the strong separation condition (SSC) if this union is disjoint 
and the open set condition (OSC) if there is a non-empty open set V such that 
V C U™ with this union disjoint. If either SSC or OSC are satisfied then 

m 

(5.2) dm\H K — s where '^^T't — 1- 

To enable us to transfer the results to sets directly we need to ensure that the 
sets support suitable measures. We say that a self similar set satisfies the strong 
variational principle if there is a Bernoulli probability measure /i on h^^ such that 
dim^f <l>/i = dim/f K. The strong variational principle holds in many cases. 

Lemma 5.1. (a) Let K he the self-similar attractor of an IFS T satisfying the 
open set (or strong separation) condition. Then K satisfies the strong variational 
principle. 

(h) Given < < i and Oi, the IFS X in \5.1\) satisfies the strong variational 
principle for almost all (ti, . . . ,tm) in the sense of md- dimensional Lebesgue mea- 
sure. 

Proof, (a) With s given by (|5.2p . the Bernoulli probability measure fi on A^, defined 

by 

(5.3) Mf®l(W)=^^ (* = 1,...,™), 

has dim// = dim// K. This fact is the key step in showing that dim// K = s 
when OSC holds, see for example [M]. 
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(b) This follows by applying to self-similar sets the argument used in (6j to find 
the almost sure dimension of self-affine sets . With /i as in (|5.3p . integrating the 
i-energy of the image measures over a parameterized family of self-similar sets 
gives that the energy is bounded for almost all parameters (ti, . . . ,tm) H t < s, in 
which case dim/f K ^ s. □ 

Fursternberg llj introduced the notion of dimension conservation: given K CR'^ 
a projection, n G lid.k is said to be dimension conserving if there is a number A > 
such that 

(5.4) A + dimH{y e R'' : dimH(X n Tr^^y) > A} > dim^ K 

(here we take dim0 = —oo). The reverse inequality to (I5.4p holds for all < A < 
d — A: for all sets K, see [21]. Fursternberg [TT] showed that self-similar attractors of 
IFSs with no rotational component, as well as certain other 'homogeneous' sets, are 
dimension conserving. (Note that, as is the case for Sierpinski carpets, the value 
of A satisfying (|5.4|) may vary with the projection tt.) The next Corollary extends 
this to all self-similar sets satisfying the strong variational principle. 

Corollary 5.2. Let K be the self-similar attractor of an IFS X on satisfying 
the strong variational principle. Then all projections tt G Tld,k are dimension con- 
serving, i.e. |5.^[ j holds for some < A < d — k. In particular this is true if X 
satisfies OSC. 

Proof. Let fi be the Bernoulli measure on guaranteed by Lemma 15.11 such that 
dim/f $/i = dm\H K, so 7r(f>/i is supported by ttK. By Corollary 13.21 for each 
G ^d,k, we have for 7r(f>/i-almost all y G ttK, 

dmiH n^fi + dim^f $/ij,.7r = dim/f <i>/i. 

Then, for 7r$/i- almost all y G ttK, 

(5.5) dini/f nK + dim/f (X H TT^^y) > dim^f $/i = dim/f K, 

which is dimension conservation taking A ~ dim/f K — dim/f nK . □ 

If the IFS X does not satisfy the strong variational principle, a weaker conclusion 
is still possible. Orponen used a covering argument [25[ Lemma 3.4] (presented in 
but equally valid in R"*) to show that for all e > there is an IFS of similarities 
If satisfying the strong separation condition, with attractor Q K such that 
dimjif Kf^ > dm\H K — e. Applying Corollary 15.21 to K^^ then gives (|5.4[) but with 
dimjy — e on the right-hand side of the inequality. 

The next two Corollaries weaken the conditions that ensure constant dimension 
of projections and images from those given in |13j to just requiring the strong 
variational principle. Recall that an IFS on R'^ of the form (|5.ip has dense rotations 
if the group {Oi : i G A) is dense in SO{d, R). 

Corollary 5.3. Let K he the self-similar attractor of an IFS X which satisfies the 
strong variational principle and has dense rotations. Then 

dim^ ttK — min(fc, dim^f K) for all tt G ^d.k- 

In particular this is true if the IFS X satisfies OSC. 
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Proof. Applying Lemma 15.11 and Corollary 14.51 in the deterministic setting with n 
defined by (|5.3|) gives, for all tt E Hd.k, 

min(/c, dim/f <i>/i) = dim/f 7r$/i < dim/f ttK 

since ttK supports ir^fi. The opposite inequality follows since tt is a Lipschitz 
mapping. □ 

Corollary 5.4. Let K he the self-similar attractor of an IPS I which satisfies 
the strong variational principle and has dense rotations. Then for all C^-maps 
g : K K'^ without singular points, 

dmiH g{K) — min(fc, dim^f K). 

Proof. This is similar to Corollary 15.31 but using Corollary 14.71 □ 

Recall that for ^ C R*^ the distance set of A is defined as D{A) ~ {\x — y\ : 
x,y G A} and the pinned distance set of ^ at a is Da{A) = {\x — a| : .t G A}. A 
general open problem is to relate the Hausdorff dimensions of D{A) and Da{A) to 
that of A. For self-similar sets in the plane [25] showed that if dim// K > 1 then 
dim/f D{K) > 1. We have the following variant. 

Corollary 5.5. Let K be the self-similar attractor of an LPS I which satisfies the 
strong variational principle and has dense rotations. Then there exists a E K such 
that 

dim/f Da{K) — min(fc, dim// K), 

so in particular 

dim// D{K) > min(fc, dim// K). 

Proof. Take a point a E K, and some i E A* such that a ^ fi{K). Then fi{K) 
is the self-similar attractor of the IFS {/a, • ■ • , fim} which satisfies the variational 
principle and has dense rotations. The mapping h : fi{K) — > R by h{x) — \x — a\ 
is and has no singular points, so applying Corollarv l4.7l to fi[K) gives 

dim// h{\x — a\ : X E fi{K)} — min(fc,dim// fi{K)) = min(fc, dim// if) 

since fi{K) is similar to K. Since a E K and fi{K) C K, h{\x — a| : a; G fi{K)} C 
Da{K) and the conclusions follow. □ 

6. The percolation model 

Whilst fractal percolation or Mandelbrot percolation is most often based on 
a decomposition of a d-dimensional cube into m'' equal subcubes of sides m~^, 
random subsets of any self-similar set may be constructed using a similar percolation 
process. Let X = {fi = riOi ■ -\-ti}^i be an IFS of similarities. Let K be its 
attractor and let P be a probability distribution on the P(A), the collection of 
all subsets of A = {1, . . . ,m}. We define a sequence of random subset of A" 
inductively as follows. The random set 5'i C A has distribution P. Then, given 
Sn, let Sn+i = Ujes„5' where S'' = {ij : j E S{} C A"+iand where 5j C A has 
the distribution P independently for each i E Sn. A sequence of random subsets 
{Knjn^i of K is given by X„ = U,esJ^iK). We write Kp = n^^oL<„ for the 
resulting random compact subset of K which is known as the percolation set. 

We say that (I, P) satisfies the strong variational principle if there exists a ran- 
dom cascade measure n such that, conditional on Kp ^ 0, 

(6.1) dim// Liy ~ dim// — a, 
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where a is given by Theorem 13.11 (i) . 

Lemma 6.1. If I satisfies OSC and i/E{cardS'i} > 1, then (I, P) satisfies the 
strong variational principle, with a given by r") — 1. 

Proof. By standard branching process theory [1], if E{card5i} > 1 there is a posi- 
tive probabihty that Kp ^ 0. Under OSC, conditional on Kp ^ 0, the dimension of 
Kp is given by the solution a of E(^-gg rf ) = 1, see O E^. We may associate a 
random cascade with this percolation process by defining the random vector W as 

(6.2) W ^{W^,...,W^)^ Kx{ie5}(^), ■ • • , CX{™es}(^))- 

This defines a random cascade measure supported by Kp. Moreover, using a 
potential-theoretic estimate (or a direct verification of the formula in Theorem 13.11 
(i) that a = s), dim^f <l>/i = dim^f Ky almost surely, see O El]. □ 

Our first application is the following dimension conservation result for percolation 
sets. 

Corollary 6.2. Suppose that (X, P) satisfies the strong variational principle. Then 
for any projection tt G 11^^^ almost surely conditional on Kp ^ 0, one has 

A + dim//{y e R'' : dim//(A'p n tt^^j/) > A} > dim// Kr 

for some < A < d — fc. 

Proof. It follows the same lines as in the proof of Corollary [521 O 

Investigation of the dimensions of projections of the basic m-adic square-based 
percolation process goes back some years, see ^ for a survey, and recently Rams and 
Simon [29j showed using direct geometric arguments that almost surely all orthog- 
onal projections of square-based percolation have Hausdorff dimension min{l,a}, 
where a is the dimension of the percolation set. The following corollary gives a 
similar conclusion for percolation on self-similar sets for which the IFS has dense 
rotations. 

Corollary 6.3. Suppose that (I, P) satisfies the strong variational principle and 
has dense rotations. Then almost surely 

dini/f T:Kp — min(fc, a) for all vr £ 11^.^, 

conditional on Kp ^ 0, where a is given by i6.1]) . 

Proof. This follows by applying Corollary 14.61 to the random cascade measure fj, 
given in (|6.1|) . □ 

Again there is a variation for C^-maps without singular points. 

Corollary 6.4. Suppose that (I, P) satisfies the strong variational principle and 
has dense rotations and. Then almost surely for all -maps g : K M'^ without 
singular points, 

diiTiH g{Kp) — min(fc,a), 
conditional on Kp ^ 0, where a is given by i6.1]) . 

Proof. This follows by applying Corollarv l4.7l to /i. □ 

Distance sets of percolation sets have also attracted interest recently, see [29] for 
the case of square-based percolation. Here we address this problem for percolation 
on general self-similar sets with dense rotations. 
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Corollary 6.5. Suppose that (I, P) satisfies the strong variational principle and 
has dense rotations. Then almost surely, conditional on Kp ^ 0, there exists a G Kr 
such that 

dim_ff Da{Kr) = niin(l, a), 

so in particular 

diiJiH D{Kr) > min(l,a), 

where a is given by i6.1\) . 

Proof. By taking two sub-processes of the percolation process, Kp C fi{K) and 
Kp C f2{K), say we may fix a point a G Kp \ Kp subject to non-extinction 
of Kp, and then define /i : R'^ R by h{x) = \x — a\. The mapping h is 
and has no singular points outside Kp. Subject to non-extinction of Kp, the set 
Da{Kp) = h{Kp) almost surely has HausdorfF dimension min(f,a) by Corollary 
16.41 A similar argument is valid within any component of the construction of Kp 
so the conclusion holds almost surely conditional on Kp 7^ 0. □ 
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